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Abstract 

We consider the problem —A?/, + V{x)u = f'{u) + g{x) in R-^, under 
the assumption Imix^oo y{x) = 0, and with the non hnear term / 
with a double power behavior. We prove the existence two solutions 
when g is sufficiently small and F < 0. 
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1 Perturbation of NSE 

We consider the existence of solutions of the following nonhomogeneous prob- 
lem 



-^u + V{x)u^f{u)+g{x), xeM^; 
E^iu) < oo. 

where the energy functional is defined by 

Eg{u) = E^{u) = ^ j I Vm|^ + V{x)u^{x)dx - J f{u)dx - J g{x)u{x)dx. 

R^ RJV 

The nonlinearity is given by a function / of double power type that is an 
even function / G C'^(]R,M) with /(O) = /'(O) = /"(O) = satisfying the 
following requirements: 
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1. there exist positive numbers cq, C2,p, q with 2 < p < 2* < q such that 

f Co\s\P < f{s) for |s| > 1; 
\ Co|s|^ < /(s) for jsj < 1; 

/ \f"{s)\ < C2|s|P-2 for |s| > 1; 
1 \f {s)\ < C2\s\'>-^ for |s| < 1; 

2. there exists /ii > 2 and /i2 > 1 such that, for all s 7^ 

< < f'{s)s, fi,f'{s)s < f"{s)s', f"'{s)s' > 0; (f,) 

3. for any u G T>^'^ we have 

e (/3) 

For example the required assumptions are satisfied by f{s) = with 
q — p small enough, as shown in the appendix. 

We assume V e L^/'^{R^) fl L\ for some t > N/2 and 




Moreover, we want < and < on a set of positive measure. 

In [18] the existence of two positive solutions ui,U2 G if^(]R^) of the 
equation —Am + u = \u\p~^u + g is proved when g E satisfies < g < 
Cexp{-{l + e)\x\),g^O. 

Recently, in [17] , a similar problem for the p-laplacian is studied. Namely, 
the author proves, with variational techniques, that the problem —ApU + 
c\u\P~'^u = \u\P*~'^u + f{x,u) + h{x) in M^, where 2<p<iV, c>0, /;,€ 
W-^'P'{R^) and / a is continuous superlinear function such that f{x, 0) = 
and f{x,u) = o{\u\p*^^) as |m| — )■ 00, admits two positive solutions ui,U2 G 

The existence of a positive solution of the problem —Au + u = \u\'''~^u + g 
on M^, u{x) — )■ for |x| — )■ 00, was proven in [ID] when p > and 
g e CO'°(M^), <7 > 0, ^ and g{x) < for some C > 0. In [3] 

there is a result of multiplicity for this problem. 

In [16] the author shows that the Dirichlet problem on a bounded domain 
Q C in the critical case —Au = + g has two solutions mo,mi G 
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Hq^Q), for g satisfying a suitable condition, and if g > then uq > and 
ui > 0. 

We are interested in studying the problem with double power nonlinearity. 

In pioneering work Berestycki and Lions [TJ |8j showed the existence of a 
positive solution in the case = when /"(O) = 0, / has a supercritical 
growth near the origin and subcritical at infinity. 

More recently in the papers [21 [5l |6l [H] the double-power growth condi- 
tion has been used to obtain the existence of positive solutions for different 



problems of the tipe (^). In particular, in the authors proved that in 
the same hypothesis on V the homogeneous problem 

-Au + Vu = f{u) (2) 

has a ground state solution (i.e. least energy nontrivial solution). Other 
results on similar problems with the double power nonlinearity can be found 
in P El [12]. 

In this paper we prove the following theorem 

Theorem 1. If g E fl L'^ , for some s > and if \\g\\^N_ is suf- 



N+2 



ficiently small there exist two solutions of problem (^) in D^'^. The first 
solution is close to 0; if also \\g\\Lp'r^Li''^^ small enough, the critical value of 
the second solution is close to the least energy level my of the homogeneous 
problem 

Furthermore, if g > the two solutions are non negative. 

Remark 2. Indeed the hypothesis on the sign of V is used only to find the sec- 
ond solution, but we prefer a more compact claim for the theorem. Anyway, 
in the proofs we focus out when we use any hypothesis. 



To get the solutions of (^) we look for critical points of the functional 



Eg constrained on the Nehari manifold 

Af^ = Afg = {u e V^'^ : {VEg{u),u) = 0,Uy^O} = 

mGP^'^xO: [ |VmP+ [ Vu^ - f f'{u)u- [ gu = 

Jrn JlRiV JlRjV JjJiV 

The study of the structure of the Nehari manifold will be a fundamental part 
of this paper. 

This paper is organized as follows: in section 2, we recall some technical 
results concerning the appropriate function space required by the growth 
properties of the nonlinearity / . Moreover, we study the geometry and the 
properties of the Nehari manifold. In section 3, we prove a Splitting Lemma 
necessary to overcome the lack of compactness. This lemma is a variant for a 
well known result of [TJ]. In section 4 we prove the existence of two distinct 
critical points of the functional on the Nehari manifold. 
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2 Notations and preliminary result 

We will use the following notations 

• ^ -pi,2(]RA') = completion of C^{R^) with respect to the norm 



. 1/2 

\u\\ = ( / IVmI" ' 



ll'^llv — / l^""! + / ) notice that, by (1), we have that 

Jri^ Jr^ 1_| 

is a norm in P^'^ equivalent to the usual one; 



V 



2* 



2N . 

Ar-2' 



nig = inf E^{u); 



rriQ = inf Eq{u); we call u the minimizer of Eq on Af^ radially sym- 
metric; 



• mv = inf Eq{u); we call u the minimizer of E^ on A/'J^; 

• r„ = {x G : \u{x)\ > 1}; 

• \A\ = the Lebesgue measure of the subset A C M^; 
. 5^ = {a; G : Ix] < R}; 

. 5g = \ 5^; 

• = u{x + y). 

In order to study the properties of the functional E^ and its Nehari 
manifold, we consider some suitable Orlicz space + L'^, where 2 < p < 
2* < q, related to the double power growth behavior of the function /. We 
recall some properties of these spaces to get the smoothness of the functional 

Given p 7^ g, we consider the space + L'^ made up of the functions 
w : ^ M such that 

V = Vi + V2 with vi G L^, f 2 G L'^. (3) 
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The space + L'' is a Banach space equipped with the norm: 

||f ||lp+l<j = inf{ llfillip + ||f2||L9 : Vi e V ,V2 & L'^-, Vi + V2 = v}. (4) 

It is well known (see, for example [9]) that + L'^ coincides with the dual 
of LP' nL-?'. Then: 

LP + L« = f LP' n lA' with p' = q' = ^— , (5) 

V / p — 1 9 — 1 

and we can introduce the following norm equivalent to the previous one 

II II ■ f ta\ 
\\v\\lp+li = ml 7p-n — . (6) 

■^^0 imiLp' + imiLi' 

Hereafter we recall some results useful for this paper contained in [U 10] . 
Lemma 3. We have 

1. if V & LP + L'^, the following inequalities hold: 



max 



|^||L9(Rjv^r^) - 1, pr-Tl|^IUp(r„) 

1 + J- « r 



< 



< II'^IIlp+l? < 

< max[||w||i,(K]v^r^), ||t;||ip(r,)] 
when T = -22- ; 

q-p' 

2. let {vn} C + L'^. Then {vn} is bounded in Lp -|- L^ if and only if the 
sequences {\T^J} and {||t^||L<7(Riv^r,„) + II^^IUf{r„„)} are bounded. 

p q 

3. f is a bounded map from Lp -|- L* into Lp-^ fl L-j-i 

Remark 4. By the previous lemma we have L^* C W + L"^ when 2 < p < 
2* < q. Then, by Sobolev inequality, we get the continuous embedding 

V^'\R^) C LP + L«. 

In order to prove the regularity of the functional , we need the 
following lemmas proved in [6] 



Lemma 5. /// satisfies the hypothesis (fo) and (f2), we have that 



1. if 9,u are bounded in Lp -|- L'^, then f"{6)u is bounded in L^' fl L'^' , 



2. f" is a bounded map from U> + U into L^'p-"^ n L«/«-2; 

3. f" is a continuous map from + into L^/P"^ fl L^/^~^; 

4- the map {u, v) i-^ uv from {W + L^)^ in LPl'^ + L^/^ is bounded. 
Lemma 6. The functional is of class and it holds 

Kiu)[v] = {VE^{u),v) = / VuVv + Vuv - f'{u)v - gv; (7) 

E''(u)[v,w] = / VvVw + Vvw — f"{u)vw. (8) 

Moreover the Nehari manifold defined as 

= |k e P^'^ \ : j \Vu\^ + Vu^ - f'{u)udx -gu^Q^ (9) 

is of class and its tangent space at the point u is 

T^MJ = e P^'^ : j 2VuVv + 2Vuv - f'{u)vdx - f"{u)uv -gv^Q^. 
At last, we introduce the functions 

We have that 

Notice that the conditions on / assure that also '{>'g{t) exists. Further- 
more, if j^ipgit) = 0, then {'VE(tu),u) = 0, so tu e , and vice versa, so 
we want to find the critical points of (pg{t). 

To study the manifold N"^ it is useful to consider the following manifold: 

V^\w^O: G{w) - / f"{w)w^ = oj . (15) 



El{tu)= / -{\Vu\' + Vu')-f{tu)- (10) 



:^E^{tu)^ipo{t)-t f gu. 



(11) 



t\\u\ 



— \U\ 



V 



f\tu)u - 



(12) 
(13) 
(14) 
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Lemma 7. We have that for all u G V^'"^ there exists an unique > such 
that TuU G V 



Proof. We have that, using (/^) and (/o) 



v'o{t) = tM?v- I f'itu)u<t\\u\\l-^ I f{tu)< 
Jr!^ ^ Jrn 

< tWuWl-f'^cofXi [ lul" -t^-^cofxi [ \u\P < (16) 

Jt\u\<l Jt\u\>l 



t\u\<l Jt\u\l 

< t\\u\\Y — t^~^Cofii / — )■ — oo when t — !■ oo, 

J\u\>l 

because p > 2. Furthermore we have that v^o(t) is strictly concave when 
t ^ 0, and that v^o(O) > 0, so, for every u G V^'^ there exist an unique 
maximum point T„ > for the function ^p'o{t). Thus 

= T^f'^iT^) = \\Tuu\\l - I f"{T^u){Tuuf. 

□ 

Proposition 8. We have that inf \\w\\v > 0. 

Proof. By contradiction, we suppose that there exists a sequence {w„}„ C V 
such that converges to 0. We set tn = \\wn\\v, hence we can write 

Wn = tnVn whcrc ||fn||y = 1- Remark [Ij the sequence is bounded in + L"^. 
Since G V and tn converges to 0, we have 

1 II Il2 ll^nlly -'- f n>'U \ 2 ^ 
1 = ll^^n|lv = ^^ = ^ / / Mnjt^n < 



<C2tr' J M + C^t^-'' J \Vnf< 
-2 I L, la I „ 4.P-2 



<c2tV J K\' + C2ti-' J K\^< 
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Hence we get 

l<C2tr' / \Vn\' + 2C2€-' I b„P 



and by claim 2 of Remark [3] we get the contradiction. □ 

Lemma 9. Let u G T>^'^ and let the unique positive number such that 
TuU G V. Then 

L= inf T„ - / f'iTuu)u > 0. (17) 

ll"llv=l Jrn 

Proof. By contradiction, suppose that there exists a minimizing sequence Un, 
with \K\W = 1 such that T.„ - / /'(T.„.„).„ := ^ 0. Let «,„ = T„,«„. 

We have that 

Tu„ = \ \Wn\\l = / f"{Wn)wl, 



because w„ G V. Furthermore, by hypothesis, we have 



\Wn\\v = / f'{Wn)Y: ^+ar, 



Thus, by 



At2||Wn||y = /U2 y /'(Wn)w„ + /i2(T„||w;,,||y < 

< j f" {Wn)wl + fl20-n\\Wn\\v = 
= \\Wn\\v + f^2<^n\\w„\\v- 

So, because /X2 > 1 we have that 

< (/i2 - l)||w„||y < /i2C^n ^ 0, (18) 

that is a contradiction. □ 
Remark 10. Obviously, by Lemma |8] we have also 

B := inf T„ > 0, 

IHk=i 

and B does not depend on g. 

At last we can give the following characterization of the Nehari manifold. 

Proposition 11. Let \\g\\^^N_, sufficiently small, and let u G T)^'^ with 
\\u\\v = 1. Then 



1. If J gu < 0, then there exists an unique such that t\u E and 
t° < t\^, where t° is the unique value for which t° G Nq . 

2. If j gu = 0, then there exists an unique t\ such that t\u E J\f^ and 
t° = 

3. If j gu > 0, then there exist two positive numbers and such that 

t^u E and t^^ < < t\ < t^, where is the unique value for 
which TuU E V. 

2N 

4- t\ and tl^ depend on g E and on u E T)^'"^ \ {0}. Furthermore, 

fixed u, we have — )■ when ||5f||^_2jv_ — )■ 0. 



Proof. 1. If (f) = 0, with t 7^ 0, by we have that 



t'^lit) = tj gu + J [tufitu) - Pu'^f'itu)] < 0, (19) 

so t is a maximum point for (pg. Furthermore we have that (pg{0) = 0, 
cp'giO) > and ^^'(0) > 0. 



Using l\Q and Q, we have 

"Pgit) = l^lMl- [ f{tu)-t I gu< 
^ Jrn 
+2 



< -\\u\\l-t ! gu-cot'^ [ Iwl^-cot" / |m|^'< (20) 

2 Jrn Jt\u\<l Jt\u\>l 

— '7;\\'^\\v~t gu — cot^ / — — 00 when t — i- 00, 
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l«l>i 



because p > 2. This proves that there is exactly one such that t„M E Ng] 
it is easy to see that t^^ <t\. 



2. In this case, we can proof, as in (20) that ^g{t) — )■ —00 when t ^ 00 
and that if t 7^ is a critical point of (pg then (19) holds. At last, consider 
that = v^£,(0) = v^^(O) < 'p'gif^), and so is a local minimum for ipg, and we 
can conclude. 

3. We have just proved that, for any u E P^'^, we have an unique max- 
imum point T„ of v^o(t). So, if we prove that j gu < ip'^lTu) we have that 
there exist two numbers and such that 'p'gitD = 0. Set L as in Lemma 
|9l and consider that 

qu < \\q\\ 2N ||u||r2* < Cillgll 2n WuW-n^a < C2II0II ^i^||u||y. (21) 



Recalling that | \u\\v = 1, if | l^^l |^_2^ is sufficiently small, that is C2I Ififl |^_2w_ < 

L, we have exactly two positive numbers and such that (p'g{Pu) — 0, and 
tl^ and are respectively the maximum and the minimum point of (pg 

4. For Simplicity we only prove that tl^{g) is a function. The other case 

2N 

is straightforward. Let us define a function G : M+ x "D^'^ \ {0} x Ln+2 M, 



G : {t, u, g) ^ l^^(t) = t\ \u\\l - J f{tu)u - j 



gu. 



We have that G is a function. Let f, u, g be such that u, g) = 0. We 
know that §iG{t, u, g) — ^</?^(i) < 0, thus, by the imphcit function theorem 
there is a function t{u, g) — t\{g) such that G{t{u, g),u, g) — 0. We have 
then the claimed result. □ 

The Nehari manifold so can be described as: 



(22) 



where 



AT 



9,V 



AC =N, 



9,V ■- 



{ueAf^ : E'g{u)u = 0,E'^{uy >0}; 
{u e A/T : E'Ju)u = 0, E''{u)u^ < 0}. 



We have also that E^ > on Mg and E^ < on M^. Furthermore, because 

JVq and V are bounded away from 0, we have also that inf \\u\\ > 0. The 

ueAfg 

geometry of A/T is represented in the following picture. 
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Remark 12. There exists M > such that 



\u\\v < M||(yf||^iv^ for any u G , 



JV+2 



indeed, by ( ) we have 

^ll^lly < j /H+ j 9U< ^^j f{u)u+ j gu = 



2 
so 



\u\ 



1 1 



Mv < 1 1 



1 

/ii 



gu. 



(23) 



gu, 



3 The Splitting Lemma 

We recall that a sequence {un}n G "^^^'^ such that E^{un) — )■ c, and V-E^(u„) — >■ 
is a Palais-Smale sequence at level c for ii^^. 

In the same way we say that G A/^' such that E^{un) — > c, and 

there exists a sequence — )■ s.t. \{VE^ {un),^p)\ < £:„||v5||, for all (p G 
Tu„M^ n "D^'^ is a Palais-Smale sequence at level c for ii^^ restricted to Af^ . 

A functional / satisfies the {PS)c condition if all the Palais-Smale se- 
quences at level c converge. 

Unfortunately the functional on Af^ does not satisfy the PS condition 
in all the energy range. In this section by the splitting lemma we get a 
description of the PS sequences for the functional E^ . 

Lemma 13. Let Un G Afn and let E^iur. 



— )■ c. Then I \u 



n\\V 



is bounded. 



Proof. We have that 



\u 



n\\v 



f\Un)Un + / gUn 



(24) 



because Un G A/T. Furthermore, for (/^) we have 



E'^iUn) = ^\\Un\\v - j f{Un) - J gUn> 



1 2 1 

Z /ii 



f'{Un)Un - / gUr, 
1 



1,1 1,2 1 M 1,2 

o y y H / 

2 /ii /ii 



1 1 

2 ~ ifl^ 



\u 



rally 



1 1*^"! ly 
1 1 



1 - 



1 

/ii 



/il 



Ur, 



(25) 



rally 
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If ||Mn||y — 7- oo we have that 



9 



<M\ ^ir^^ < C\\g\\ 2i^rr^, ^ 0. (26) 



So we will have 

C^> E^g{u^)>C2\\un\\l^oo (27) 
that is a contradiction. □ 

Lemma 14. Let C Ng, and let E^{un) — )■ c. T/ien, wj» to subsequence 

Un Uq in V^'"^ . Furthermore, setting ipn = Un — Uo we have 

1. W^nWv = \\Un\\v - ll^olly + o(l); 

2. E^iijr.) = Ejiun) - E^iuo) + 0(1). 

Proof. By the previous lemma we have that ||m„,||x)i,2 is bounded. Then 
Un uq and we have that 

Furthermore, we have that 

j fm = j f{un) - j fiuo) + 0(1). (28) 
Indeed, we have the following equation, where T,9,a E (0, 1) 

J f{Un) - J f{uo) - J fm = 



f{uo + ^„) - /(mo) - J f{uo) + 

Bg Bg Br 

Using Lemma we have that the terms in are arbitrarily small when R 



is sufficiently large. Furthermore, since ^/^^ ~^ in L^{Q) for all Q C 
bounded and for all p < 2*, we get that 



f{Un) - J f{Uo) - J fm 0. 

The proof follows easily. □ 
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Lemma 15. Suppose that ipn ^ in V^'"^ . Then we have 

V^l ^ (29) 

#n (30) 



Proof. Again we use that ^/^^ — )■ in Lp{Q) for all Q C bounded and for 
all p <2*. We have that 



V^n = jVVn+ J V^t.<\\V\\LHBn)\m\U'^s^) + 
Br K^xBfl 

+ \\V\\LN/2(^^N^BR)\\i'n\\l2*(^N^BR) ~^ 0' 



and that 



j 9'^n+ j g^n<\\g\\L-{Bn)\\i'n\\Ls\BR) + 



R 



Br K^\B 



□ 



Lemma 16. Let a PS sequence at level c for the functional re- 

stricted to the manifold . Then, up to a subsequence, there exist k se- 
quences of points {yl}n, j = l,---k, with ||/^| — )• oo, a solution of the 
problem —Au + Vu = f'{u) + g, and k solutions , j = 1, . . . k, of the 
problem —Au = f'{u) such that 

k 

Ur,{x) = u\x) + J2u'ix-yi)+0{l); (31) 

k 

Ejiun) = E^{u') + J2Ki^n + o{l). (32) 

i=i 

Proof. Since PS sequence for the functional restricted to the 

manifold A/"^^, then PS sequence for the functional E^ . By the Lemma 



14 we have that m„ converges to m° weakly in V^''^ (up to subsequence), so, 





given Lf e c^^''^'^ 



lim / Vm„Vv5 + Vunf — f'{un)^ — gcp = 0. (33) 

n— >oo / 
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It is easy to see that 

J VUnVif + VUn^ j Vm°Vv? + Vu^ip. 

Arguing as in Step 1 of [5l Lemma 3.3] we get also that, for some < < 1, 



f"{eUn + (1 - e)v^){Un - U'^)V ^ 0, (34) 



supp</3 



as n — 7- 0, because m„ — m° — )■ in WiVL), with Vt bounded and p < 2* . So 
we have proved that solves —Am + Vu = f'{u) + g. 
Now we set 

ll)n{x) = Unix) - 

Then ipn ^ weakly in V^'"^. If ^ strongly in D^'^, for Step 3 of [51 
Lemma 3.3] we have that there exists a sequence C with \yn\ — ?■ oo 
such that ipn{x + ?/„) — )■ in V^'^, and ^ 0. 

Because is a weak solution of {^) and PS* sequence for Ej we 

have that, for any (p G C^(M^), 

y ViPrN^ + V^V'„(^ - - ^ 0. (35) 



So 



Using (34) we have that is a PS" sequence for the functional Eq. Thus, 
for any ip E C^(]R^) we have 



VV^„(x + yn)Vip{x) - fornix + yn))'p{x)dx = 

ViJn{x)Vip{x - Vn) - f'{lpn{x))ip{x - yn)dx = 

If'iUn) - f'iu^) - n^Pn)Mx -Vn)- [ V{x)iJn{xMx - y^) + o(l). 



Using the same argument of Lemma 15 we can prove that 



V {x)ilJn{x)v{x - yn) < C£:„ 1 1 | |di,2 , with En 0; 
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furthermore we have 

[/'K)-/'(«°)-/'(^n)]V^(x-l/„ 

[/(Mo + V^„)-/'(M°)]v^(x-y„) + 



+ / [f'iUO + ^n) - f'{i'n)]'^ix - y„ 



f{u^)ip{x -yn)+ I f'{lpn)v{x - yn) < 



Bg Br 



+ 11 [fii^n + ^«°) - n9u'^)M- - yn) I L.'nM' I \A\l.+lhbC), 

where < < 1. Because \\u'^\\lp+li{b'^) — ^ for _R — > oo, and given R 
I I'^/'nl — as n — )• 0, we have that 



Vtpn{x + yn)Vip{x) - f'{^pn{x + yn))f{x)dx 0. 

At last, it is easy to see that 

Vljjn{x + yn)Vv{x)-f'{iJn{x + yn))v{x)dx^ / VuWv{x) - f {u^)v{x)dx, 



so we have also proved that solves the problem —Au = f{u). 
Set ipn = i'i^ + Vn) — we have that V'n ^ thus 

= £;°(^„(x + + 0(1) = El{u') + + 



by Lemma 14 So, 

<K) = + i?o°(«^) + + 0(1)- (36) 

Now, if ^/^^ — strongly in "D^'^, we have the claim, otherwise we can proceed 
by induction and conclude the proof in a finite number of steps. □ 



4 Main Results 

We set 



rrig = inf E^{u) and nii „ = inf E^{u) 
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We show that there exist a solution with critical value rUg and another solu- 



tion with critical value mi^g. 
We set also 



mo 



inf E^{u) (37) 



and we recall that there exists a positive radially symmetric function u G A/'q 
such that 

E^{uj) = mo > 0. (38) 

Finally, we set 

my = inf E^{u) (39) 

We know, by [5], that for any V < and < on a set of positive measure 

icl 

E^{u) = mv (40) 



there exists a function u G JVq such that 



and 

< my < rriQ. (41) 

We prove the following results. 

Theorem 17. There exist a Ug E Af^ such that Ej{ug) = nig. Furthermore, 
when llfl'II^J^ small, Ug is unique. 

Proof. By definition of we have that rUg = inf E^{u), and that m^ < 0. 

At first we prove that rrig > — oo. By contradiction, suppose that there exist a 
sequence t„ > and a sequence {f„}„ C V^'^ with ||fn||y = 1 and tnf„ G A/g*" 
such that ^ 

EjitnVn) = \- j fi^nVn) ' tn J QVn ^ -OO. (42) 

We have also that t^^ — J f {tnVn)tnVn ~ J ~ ^- bounded, 
we have 

E^itnVn) = -% + / f'{tnVn)tnVn " / f{tnVn) > 



that is bounded by Lemma [3j Thus we have that, up to subsequence, t„ — ?■ 
-|-(X). Finally, arguing as in (25) we have that 



E'^itnVn) > ( - - — ) t^, - ( 1 - — ) t„, / (7t;„ -> +00, (43) 
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that is a contradiction. 

Now, let Un a minimizing sequence. For the Ekeland variational principle, 
we can suppose Un be a PS sequence. For the splitting lemma there exists a 



G TVT and k functions u\ 1 < j < k such that 



(44) 



We know that E^{u^) > itiq > for all j. So, if A; > we will have Ej{un) — 
nig + 6 for some 5 > and this is a contradiction. 
So, we have 

Un Ug in P^'l (45) 



Furthermore, we have Ej{ug) 



rrig < 0, so Ug E Ng , and this concludes the 



proof of the existence. 

To prove uniqueness, we argue by contradiction. If Ui,U2 are minimizers 



of E^ on J^^, both ui and U2 solve {^), so we have 



\Ul-U2\\v 



{f\u,)-f\u2)){u,-U2)= j f\eU, + {l-e)u2){u,-U2f 



with < 6* < 1. So 



\ui-U2\\l,, <C\\ui-U2\\l<C\\ui-U2\\l,A\f"{eui + {l-e)u2)\\ (46) 

1^2 —2 



By Remark 12, we have that, if (7 — )■ in then both mi and U2 are 

small in + L'^, so we have that /"(^mi + (1 - 9)u2) ^ in L^/f-^ n L'/^-^ 
by Lemma [5| and, by interpolation. 



\\f"(^0U, + (l-9)u2) 



2* ^0, 



that is a contradiction. 



□ 



Proposition 18. Suppose that g > 0. Then there exists an Ug > in 



such that Ej{ug) 



nir. 



Proof. Take Ug as in Theorem 
If Ug changes sign, or Ug negative, we have that 
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Because Ug E we have that j gug > 0. 



< gUg < / g\ug\. 



(47) 
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So, reminding that / is even we have 

^.''(Kl) = ^IKIly- //(KD- I 9\u,\< 



< llMv- J fiug)- J gug = Ej{ug). 



We know that there exists a r such that T\ug\ G A/^^. Furthermore we 
know, by the study of that r is a local minimizer of v^g"''', in fact, 

(r) < ^i^'^it) for all t G [0,r]. We have 

dV' ^ ' dt 



= iEjit\ug\)u.. = \\ug\\l- I f'i\ug\)\ug\- I g\ug\< 



and 



< \K\\v - J f'iug)ug - J gug = j^E^{tUg\^^ =0, 



Thus r > 1 and 



E,^(r|«,|) < < E^K) = m„ (48) 

that concludes the proof. □ 

We want to prove that, under suitable hypothesis on g, f and V, there 
exists another solution of 



by minimizing the functional on A/'^^. In 
order to prove that a minimizing sequence converges we will show that, for 
g small, 

mi^g := inf E^{u) < nig + mo; (49) 

Lemma 19. Suppose that ^ < and V < on a set of positive measure. If 
||(7||^_2iv_ sufficiently small, then there exist a 6 > such that 

mi^g := inf EJ{u) < mo — 6. (50) 

Moreover, 

limsup mi^g < my (51) 

IISII 2N ^0 
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Proof. By Lemma 4.4(a)] and [5l Theorem 1.1] we know that there exists 



a M G Mq such that 



inf Eq (u) = my < niQ. 



We set V = so u = tQV. We know that there exists t\ = t\{g) such 

that t\v G Mg by Proposition 11 Furthermore, by Proposition 11 we have 
that — )■ tn when ||qf|| _2n_ — )■ 0, and so 



2JV 0, 
iJV+2 



(52) 

□ 



'^i.g < -^J(^i^) ~^ EfQ{u) = mv < mo for H^fj 

that concludes the proof. 

Theorem 20. For \ \g\\^^N_ — )■ there exist ui^g G Mg a solution of (0^). 
Furthermore, if g > the solution ui^g can he chosen positive. 

Proof. By the sphtting lemma, to obtain the result it is enough to show that 
mi^g < nig + mg. In the previous lemma, we have proved that there exists a 
5 > such that mi^g < rriQ — 5 for \ \g\\ _2n^ sufficiently small. By Remark [TT| 

2JV ,\ 

we have also that nig — )• when — )■ in go there exists ui^g G Mg a 

solution of (^). Moreover E^{ui^g) is positive, so Ui^g G My . 

To prove the last claim, consider that E^{\ui^g\) < E^{ui^g). Also, there 
exists a i such that G Mg' . Then we have 



mi. 



m^xEjituiJ > EjiiuiJ > Ej{i\ui,g\). 



So if Ui^g is a solution, also t\ui^g\ G Mg is a solution of (^). 
Proposition 21. // 1 1^?! I^^p'n^q' 0, i/ien — )■ my. 



(53) 
□ 



Proof. We take a sequence of gn — > in fl L'^ . We know that for any 
gn there exists ui^g^ such that E^^{ui^g^^) = mi^g^. For simplicity we call 
Un = "^1 g„- Also, we Set Vn = n,, i"" , and = t„f„. We have 



(m. 



\\Un,\\LP + L1 ■ 



f'(tnVn)Vr, 



fjtnVn) 



(54) 



and we have that there exist a 5 > such that < Eg^{un) < ra^ + 6. Now, 



suppose, by contradiction, that tn ^ oo. Then 

f{tnVn) - 



f\tnVn)Vn " 



gnVn 0, 



(55) 
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and so 



^ 0. 



(56) 



By (ffi), we have that 



J [tnVnjVn " A^l / : V 



+ - 2) / ^-^^^ > 



> if^i - 2) y 



f{tnVn) 



go / ■^^ " — !. 0. Now the hypothesis on / 



tr 



< coC^ 



\Vn>l\ 



|l^n<l| 



< 



fitnVn) 



^0, 



(57) 



so we have that both J and J \vn\'^ vanish when tt, — )■ cxo, and so 

\Vn\>l \Vn\<l 



1 = ||fn||LP+L^r < HiaX 



^ 



(5^ 



l|fn|>l |fn|<l 



that is a contradiction. Furthermore, by Proposition 11, we have tn bounded 
away from 0. So, we have that there exists two positive constants ci and C2 
such that 

< Ci < t„ = ||u„||lp+L9 < C2 < oo. (59) 

Now, let Tn such that r„M„ G Mq . We can show that r„ — )■ 1 when 
— 7- oo. The main idea is that 



- ^V^0"(^n) = / 9nUn ^ 



dt 



(60) 



because HMnllLp+L"? is bounded and — )■ in L^' fl L'^' . The details are 
omitted for the sake of simplicity. 
Now we have that 



(61) 
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We have that E^^{un) is bounded, so, up to subsequences, there exists a d 
such that Ej^{un) — )■ d when n — > oo, and, because m„ is bounded in + L'^, 
also Eglun) — > d, and, by (61), EQ^TnUn) — > rf- 



So, d > my. By Lemma 
claim. 



19 we know also that d < niy so we get the 

□ 



Proof of Theorem 1. By theorems [17] a nd 20 we have that there exists a 
Ug e and Ui^g G A/"" that solve (|^|). Furthermore, by Theorem 20 and 
Proposition 18 the solution can be chosen nonnegative. At least, by Remark 



12 we have that ttg — )■ in T) ' and by Proposition 21 that mi^g — )■ my when 



(7^0. 



□ 



A The Hypothesis on / 



We want to prove that there exists a function that satisfies all the conditions 
required in the introduction. 
We take the function 

/(s) = ^ . (62) 



This function is even, and it satisfies (/o). 
We have that, for s > 



f\s) 



2g-p-l 



fis) 



q{q - I) + p{2q - p - l)s'i-P - 



2{q-p){q + ps'i-P)s'i-P 
1 + s^-P 



It's easy to see that / satisfies (/2) and the first part of (/^). 



We set /i2 = l+£^ > 1; then the inequality (l+e)/'(s)s < /"(s)s^ becomes 



(g^ - 2g - £:g) + p{2q - p - 2- e)'^ 



where 7 = ^. So, we have to prove that 



2(g-p)(g + p7)7 
1 + 7 



> 0, 



q{q-2-e) + [p{2q - p - 2 - e) + q{2p -q-2- e)]-f + p{p - 2 + e)-f^ > 0. 

Obviously we can choose e such that q{q — 2 — e) > and p{p — 2 + e) > 0. 
Furthermore, we choose q — p sufficiently small such that also 2q — p — 2 — e 



and 2p — q — 2 — s are positive, so the second part of (/^) is proved. 
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At last we prove (/s) and that f"'{s)s^ > 0. We have that, for s > 



~ (1 + S^-Py (1 + S9-P)3 ^ 

+ (1 + si-py ^ 

1 + 

We obtain that 

„ 3 _ As^ Bs^i-P Cs39-2p Ds^^-^P 

^ ^^^^ ~ 1 + si-P ^ (1 + si-py ^ (1 + s''-P)3 ^ (1 + s'?-P)4' 

were 

A = g(g - 2)(g - 1); B = (p - g)(2 + 3p + - 9g - Spg + 7g^); 

C = 6(p-g)2(2g-p-l); D = 6(p - g)^. 

We can choose q — p sufficiently small, in order to have B,C,D << A. 
Now, set as above 7 = s^"^, we have 

3 _ si [A + {3A + B)-i + ( 3A + 2B + (7)72 + (A + 5 + C + D)73] 



(1 + s'i- 



that is positive for all s > 0. So (/^) is completely proved. 
Furthermore, we have that 



hm =A = q{q-l){q-2)> 0, (63) 



and 

So, there exists a C3 > such that 



lim = A + B + C + D =p{p~l){p-2)>Q. (64) 



|/"'(s)| < C3|s|P-3 for |s| > 1; 
|f"(s)| < C3|s|«-3 for |s| < 1. 

Now, let r = {x G : \u{x)\ > 1} and A = \ T We have that 



(65) 



f"\u)u' < / f"\u)u'+ / f"{u)u'<c, / l^r + cs / \u\'^< 
Jr Ja Jt Ja 

< Ci+ C2\\u\\lp+Li < C-i + Ci\\u\\Di,2 < 00, 



and this proves ( /s ) 
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